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1. Introduction
A sign patternmatrix is a matrix each of whose entries is a sign 1,−1 or 0. For a square sign pattern
matrix M, notice that in the computations of the entries of the powerMk , the “ambiguous sign” may
arise when we add a positive sign 1 to a negative sign −1. So a new symbol “#" was introduced in
[1] to denote the ambiguous sign, the set Γ = {0, 1,−1,#} is defined as the generalized sign set
and the addition and multiplication involving the symbol # are defined as follows (the addition and
multiplication which do not involve # are obvious):
< Research supported by National Natural Science Foundation of China (No. 10901061).∗ Corresponding author.
E-mail addresses: ylhua@scnu.edu.cn (L. You), wuyuhan2005@yahoo.com.cn (Y. Wu).
0024-3795/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2010.11.003
1216 L. You, Y. Wu / Linear Algebra and its Applications 434 (2011) 1215–1227
(−1) + 1 = 1 + (−1) = #; a + # = # + a = # (for all a ∈ Γ ) (1.1)
0 · # = # · 0 = 0; b · # = # · b = # (for all b ∈ Γ \ {0}) (1.2)
In Refs. [1,2], the matrices with entries in the set Γ are called generalized sign pattern matrices.
The addition and multiplication of generalized sign pattern matrices are defined in the usual way, so
that the sum and product of the generalized sign pattern matrices are still generalized sign pattern
matrices. In this paper, we assume that all the matrix operations considered are operations of the
matrices over Γ .
Definition 1.1 ([1]). A square generalized sign pattern matrixM is called powerful if each power ofM
contains no # entry.
Definition 1.2 ([3]). LetM be a square generalized sign pattern matrix of order n andM,M2,M3, . . .
be the sequence of powers ofM. SupposeMb is the first power that is repeated in the sequence. Namely,
suppose b is the least positive integer such that there is a positive integer p such that
Mb = Mb+p. (1.3)
Then b is called the generalizedbase (or simply base) ofM, and is denotedby b(M). The least positive
integer p such that (1.3) holds for b = b(M) is called the generalized period (or simply period) of M,
and is denoted by p(M).
We now introduce some graph theoretical concepts.
Let D = (V, E) denote a digraph on n vertices. Loops are permitted, but no multiple arcs. A u → v
walk in D is a sequence of vertices u, u1, . . . , uk = v and a sequence of arcs e1 = (u, u1), e2 =
(u1, u2), . . . , ek = (uk−1, v), where the vertices and the arcs are not necessarily distinct. A closed
walk is a u → v walk where u = v. A path is a walk with distinct vertices. A cycle is a closed u → v
walkwith distinct vertices except for u = v. The length of awalkW is the number of arcs inW , denoted
by l(W). A k-cycle is a cycle of length k, denoted by Ck .
A signed digraph S is a digraph where each arc of S is assigned a sign 1 or −1. A generalized signed
digraph S is a digraph where each arc of S is assigned a sign 1, −1 or #.
The sign of the walk W in a (generalized) signed digraph, denoted by sgnW , is defined to be∏k
i=1 sgn(ei), where e1, e2, . . . , ek is the sequence of arcs ofW .
Let M = (mij) be a square (generalized) sign pattern matrix of order n. The associated digraph
D(M) = (V, A)ofM (possiblywith loops) isdefined tobe thedigraphwithvertex setV = {1, 2, . . . , n}
and arc set A = {(i, j)|mij = 0}. The associated (generalized) signed digraph S(M) ofM is obtained from
D(M) by assigning the sign ofmij to each arc (i, j) in D(M), and we say D(M) is the underlying digraph
of S(M).
Let S be a (generalized) signed digraph on n vertices. Then there is a (generalized) sign pattern
matrixM of order nwhose associated (generalized) signed digraph S(M) is S. We say that S is powerful
if M is powerful. Also the base b(S) and period p(S) are defined to be those of M. Namely we define
b(S) = b(M) and p(S) = p(M).
A digraph D is said to be strongly connected if there exists a path from u to v for all u, v ∈ V , and
D is called primitive if there is a positive integer k such that for each vertex x and each vertex y (not
necessarily distinct) in D, there exists a walk of length k from x to y. The least such k is called the
primitive exponent (or simply exponent) of D, denoted by exp(D). It is also well-known that a digraph D
is primitive if and only ifD is strongly connected and the greatest common divisor (simply g.c.d.) of the
lengths of all the cycles of D is 1. A (generalized) signed digraph S is called primitive if the underlying
digraph D is primitive, and in this case we define exp(S) = exp(D).
A digraph D is symmetric if for every arc (u, v) in D, the arc (v, u) is also in D. A (generalized) signed
digraph S is called symmetric if the underlying digraph D is symmetric. If a digraph (or a generalized
signed digraph) D (or S) is symmetric, then D (or S) can be regarded as an undirected graph (possibly
with loops).
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A digraph D is loop-free if D has no loops. In this case, if a digraph (or a generalized signed digraph)
D (or S) is symmetric and loop-free, then D (or S) can be regarded as a simple graph.
Theprimitive exponent and exponent set of primitive symmetric loop-free digraphswere discussed
in [4,5], and the minimum number, h(n, k), of edges of primitive simple graphs G = (V, E) such that
|V | = n and exp(G) = k were determined completely in [6,7].
Theorem 1.A ([5]). Let D be a primitive symmetric loop-free digraph on n vertices. Then exp(D)  2n−4
and the exponent set of such digraphs is {2, 3, . . . , 2n − 4}\D, where D is the set of odd numbers in
{n − 2, n − 1, . . . , 2n − 5}.
Theorem 1.B ([7]). Let h(n, k) be the minimum number of edges of primitive simple graphs G = (V, E)
such that |V | = n and exp(G) = k, then
(1) h(n, 2) =  3n−2
2
.
(2) h(n, 3) =  3n−3
2
.
(3) h(n, k) = n for even 4  k  2n − 4.
(4) h(n, k) = n + 1 for odd 5  k  n − 3.
Now the concept of exponent for primitive digraphs was extended to the concept of base for prim-
itive signed digraphs([3]), a natural question is to study the minimum number of arcs of primitive
symmetric loop-free signed digraphs. It was shown in [1] that if a primitive signed digraph S is power-
ful, then b(S) = b(D), where D is the underlying digraph of S. So for a primitive powerful symmetric
loop-free signed digraph, Theorem 1.B gives the results. In the rest of the paper we consider primitive
non-powerful symmetric loop-free signed digraphs.
LetH(n, k) be theminimumnumber of arcs of primitive non-powerful symmetric loop-free signed
digraphs S = (V, A) such that |V | = n and b(S) = k, and B.n be the base set of primitive non-powerful
symmetric loop-free signed digraphs on n vertices. In this paper, we determine H(n, k) completely,
characterize the underlying digraphs which haveH(n, k) arcs when k is 2, nearly characterize the case
when k is 3, and propose an open problem. Finally, we show B.n = {2, 3, . . . , 2n − 1}.
2. Some preliminaries
In this section, we introduce some definitions, theorems and properties which we need to use in
the presentations and proofs of our main results in this paper. Other definitions and results not in this
article can be found in [8,9].
Definition 2.1 ([3]). Two walksW1 andW2 in a signed digraph are called a pair of SSSDwalks, if they
have the same initial vertex, same terminal vertex and same length, but they have different signs.
It is easy to see from the above relation between matrices and signed digraphs that a (generalized)
sign pattern matrix M is powerful if and only if the associated (generalized) signed digraph S(M)
contains no pairs of SSSD walks. Thus for a (generalized) signed digraph S, S is powerful if and only if
S contains no pairs of SSSDwalks.
In [3], You et al. obtained an important characterization for primitive non-powerful signed digraphs
from the characterization of powerful irreducible sign pattern matrices (see [1]).
Theorem 2.A ([3]). If S is a primitive signed digraph, then S is non-powerful if and only if S contains a pair
of cycles C′ and C′′ (say, with lengths p1 and p2, respectively) satisfying one of the following conditions:
(A1) p1 is odd, p2 is even and sgn C
′′ = −1;
(A2) Both p1 and p2 are odd and sgn C
′ = −sgn C′′.
A pair of cycles C′ and C′′ satisfying (A1) or (A2) is a “distinguished cycle pair". It is easy to check
that if C′ and C′′ is a distinguished cycle pair with lengths p1 and p2, respectively, then the closedwalks
1218 L. You, Y. Wu / Linear Algebra and its Applications 434 (2011) 1215–1227
W1 = p2C′ (walk around C′ by p2 times) and W2 = p1C′′ have the same length p1p2 and different
signs: (
sgn C′
)p2 = −(sgn C′′)p1 (2.1)
The following result can be used to determine the base.
Theorem 2.B ([3]). Let S be a primitive non-powerful signed digraph. Then
(1) There is an integer k such that there exists a pair of SSSD walks of length k from each vertex x to each
vertex y in S.
(2) If there exists a pair of SSSD walks of length k from each vertex x to each vertex y, then there also
exists a pair of SSSD walks of length k + 1 from each vertex x to each vertex y in S.
(3) The minimal such k (as in (1)) is just b(S)-the base of S.
3. Characterization of base 2
In [10], Wang, You andMa studied the minimum number of arcs of a primitive non-powerful loop-
free signed digraph on n vertices with base 2, the following results are useful.
Theorem 3.A ([10]). Let n  4, S = (V, A) be a primitive non-powerful loop-free signed digraph on n
vertices with b(S) = 2, then
(1) |A|  5n − 8 if n is even, and |A|  5n − 7 if n is odd.
(2) The bound of |A| is sharp.
Lemma 3.1 ([10]). Let n = 2m( 4), S = (V, A) be a signed digraph on n vertices, where V =
{1, 2, . . . , 2m − 1, 2m}, A = {(1, i), (i, 1)|2  i  2m} ∪ {(2, i), (i, 2)|3  i  2m} ∪ {(2i −
1, 2i), (2i, 2i − 1)|2  i  m}, for all 1  i  m, sgn(1, 2i) = sgn(2, 2i − 1) = −1, and the signs
of the other arcs of S are 1. Then S is a primitive non-powerful symmetric loop-free signed digraph with
|A| = 5n − 8 and b(S) = 2.
When n is odd, they gave a primitive non-powerful loop-free signed digraph on n vertices such
that the number of arcs is 5n − 7 and the base is 2, but it is not symmetric. The following lemma will
show there exists a primitive non-powerful symmetric loop-free signed digraph with |A| = 5n − 7
and b(S) = 2 for odd n.
Lemma 3.2. Let n = 2m + 1( 5), S = (V, A) be a signed digraph on n vertices, where V =
{1, 2, . . . , 2m, 2m + 1}, A = {(1, i), (i, 1) | 2  i  2m + 1} ∪ {(2, i), (i, 2) | 3  i 
2m+1}∪{(2i, 2i+1), (2i+1, 2i) | 2  i  m}∪{(3, 4), (4, 3)}, for all 1  i  m, sgn(1, 2i) = −1,
and for all 1  i  m + 1, sgn(2, 2i − 1) = −1, and the signs of the other arcs of S are 1. Then S is a
primitive non-powerful symmetric loop-free signed digraph with |A| = 5n − 7 and b(S) = 2.
Proof. The proof is easy because we only need to show the case n = 7. 
By Theorem 3.A, Lemmas 3.1 and 3.2, we have
Theorem 3.1. Let n  4. Then
H(n, 2) = 2
⌊
5n − 7
2
⌋
=
⎧⎨
⎩
5n − 8, if n is even;
5n − 7, if n is odd.
In the following,wewill characterize theunderlyingdigraphswhichhaveH(n, 2)arcswhenn  18.
Theorem 3.B ([10]). Let n  17, S = (V, A) be a primitive non-powerful loop-free signed digraph on
n vertices with |A| = 5n − 8 and b(S) = 2, then there are two vertices u, v ∈ V such that d+(u) =
d−(u) = d+(v) = d−(v) = n − 1.
L. You, Y. Wu / Linear Algebra and its Applications 434 (2011) 1215–1227 1219
Lemma 3.3. Let S = (V, A) be a primitive non-powerful signed digraph with b(S) = 2, then for any
vertex u ∈ V, we have d+(u)  3 and d−(u)  3.
Proof. For any vertex u ∈ V , there is another vertex v such that (u, v) ∈ A since S is primitive. Then
there is a pair of SSSDwalks of length 2 from u to v since S is a non-powerful signed digraph with base
2, so there are two vertices w1,w2 different from u, v such that (u,wi) ∈ A, (wi, v) ∈ A(i = 1, 2).
Thus we have d+(u)  3.
A similar argument about d−(u) completes the proof. 
Lemma 3.4. Let n  18, S = (V, A) be a primitive non-powerful symmetric loop-free signed digraph on
n vertices with |A| = 5n − 7 and b(S) = 2, then there are two vertices u, v ∈ V such that d+(u) =
d−(u) = d+(v) = d−(v) = n − 1.
Proof. Let v0 ∈ V satisfy d+(v0) = min{d+(v)|v ∈ V}, then d+(v0) = 3 or 4 by Lemma 3.3 and the
fact |A| = 5n − 7.
Case 1: d+(v0) = 4.
There are four vertices v1, v2, v3, v4 such that (v0, vi) ∈ A for i = 1, 2, 3, 4, and then (vi, v0) ∈ A
for i = 1, 2, 3, 4 by the fact that S is symmetric.
There is a pair of SSSDwalks of length 2 from v0 to any vertex v ∈ V since b(S) = 2, so we have
d+(v1) + d+(v2) + d+(v3) + d+(v4)  2n.
On the other hand, since d+(v0) = min{d+(v)|v ∈ V} = 4, we have
d+(v1) + d+(v2) + d+(v3) + d+(v4)  (5n − 7) − 4(n − 4) = n + 9.
Thus we have n  9, contradicting the fact n  18.
Case 2: d+(v0) = 3.
There are three vertices v1, v2, v3 such that (v0, vi) ∈ A for i = 1, 2, 3. It is easy to see that
(vi, vj) ∈ A for i, j ∈ {0, 1, 2, 3} and i = j by the similar proof of Lemma 3.3 and S is symmetric. Then
d+(v1) + d+(v2) + d+(v3)  2(n − 4) + 9 = 2n + 1 (3.1)
since there is apairofSSSDwalksof length2 fromv0 toanyvertexv ∈ V\{v0, v1, v2, v3}and (vi, vj) ∈ A
for i ∈ {1, 2, 3}, j ∈ {0, 1, 2, 3} and i = j.
On the other hand, since d+(v0) = min{d+(v)|v ∈ V} = 3, we have
d+(v1) + d+(v2) + d+(v3)  (5n − 7) − 3(n − 3) = 2n + 2. (3.2)
Assume that d+(v1)  d+(v2)  d+(v3), then 2n+13  d+(v1)  n−1, d+(v2)+d+(v3)  4n+43 ,
and d+(v3)  2n+23 .
For all v ∈ V\{v1, v2, v3}, by (3.1) and (3.2) we have
3n − 9  ∑
v∈V\{v1,v2,v3}
d+(v)  3n − 8. (3.3)
So d+(v) = 3 for any v ∈ V\{v1, v2, v3} with one possible exception with d+(v) = 4 by Lemma
3.3.
Now we show (v, v1) ∈ A for any v ∈ V\{v1}. Suppose (v, v1) /∈ A for some v ∈ V\{v1}, then
v = v0, v2, v3 and d+(v) = 3 or 4. Let
V1 = {w|(v, s), (s,w) ∈ A, and sgn(v, s) × sgn(s,w) = 1 for some s ∈ V},
V2 = {w|(v, s), (s,w) ∈ A, and sgn(v, s) × sgn(s,w) = −1 for some s ∈ V},
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then both V1 and V2 are equal to V since b(S) = 2. So we have |V1| + |V2| = 2n  max{d+(v2) +
d+(v3) + 4, d+(v2) + d+(v3) + 3 + 3}  4n+43 + 6, thus n  11, contradicting the fact n  18.
The above argument implies that d−(v1) = n − 1, and then d+(v1) = n − 1 since S is symmetric
and loop-free.
The similar argument for v2 can prove d
−(v2) = n − 1. If (v, v2) /∈ A for some v ∈ V\{v2}, then
v = v0, v1, v3 and d+(v) = 3 or 4. Let V1, V2 defined as above, so we have
2n  max{d+(v1) + d+(v3) + 4, d+(v1) + d+(v3) + 3+ 3}  (n− 1) + 2n+23 + 6, thus n  17,
contradicting the fact n  18. It implies that d−(v2) = n − 1, and then d+(v2) = n − 1 since S is
symmetric and loop-free. 
Let n = 2m be even, EDn,2 = (V, A) be a digraph, where V = {1, 2, . . . , 2m − 1, 2m}, A ={(1, i), (i, 1)|2  i  2m} ∪ {(2, i), (i, 2)|3  i  2m} ∪ {(2i − 1, 2i), (2i, 2i − 1)|2  i  m}.
Clearly, EDn,2 is a primitive symmetric loop-free digraph on n vertices with exp(EDn,2) = 2.
Let n = 2m + 1 be odd, ODn,2 = (V, A) be a digraph, where V = {1, 2, . . . , 2m, 2m + 1},
A = {(1, i), (i, 1)|2  i  2m+ 1}⋃{(2, i), (i, 2)|3  i  2m+ 1}⋃{(2i+ 1, 2i), (2i, 2i+ 1)|2 
i  m} ∪ {(3, 4), (4, 3)}. Similarly, ODn,2 is a primitive symmetric loop-free digraph on n vertices
with exp(ODn,2) = 2.
Theorem 3.2. Let n  18, S = (V(S), A(S)) be a primitive non-powerful symmetric loop-free signed
digraph on n vertices with |A(S)| = H(n, 2) and b(S) = 2, then D is the underlying digraph of S if and
only if one of the following holds:
(1) If n is even, D is isomorphic to the digraph EDn,2.
(2) If n is odd, D is isomorphic to the digraph ODn,2.
Proof. (1) Sufficiency: If n is even, and D is isomorphic to the digraph EDn,2, we let S(D) be a signed
digraph with D as its underlying digraph, then we can indicate the signs of all the arcs of S(D) as
follows: for all 1  i  m, sgn(1, 2i) = sgn(2, 2i − 1) = −1, and the signs of the other arcs of S(D)
are 1, then S(D) is a primitive non-powerful symmetric loop-free signed digraph on n vertices with
|A(S)| = 5n − 8 and b(S) = 2 by Lemma 3.1. So D is the underlying digraph of S.
Necessity: Let n = 2m, V(S) = {1, 2, . . . , 2m − 1, 2m}, we can suppose d+(1) = d−(1) =
d+(2) = d−(2) = n − 1 by Theorem 3.B, so {(1, i), (i, 1)|2  i  2m} ∪ {(2, i), (i, 2)|3  i 
2m} ⊆ A(S).
Since |A(S)| = 5n − 8 = 10m − 8, there are other 2m − 2 arcs in A(S). For any vertex x ∈
{3, 4, . . . , 2m − 1, 2m}, since b(S) = 2, there are a pair of SSSD walks of length 2 from x to 1, there
exists a vertex y(= x) ∈ {3, 4, . . . , 2m−1, 2m} such that (x, y) ∈ A(S), and then (y, x) ∈ A(S) by the
fact that S is symmetric. Thus for any x ∈ {3, 4, . . . , 2m − 1, 2m}, y is unique since there are already
5n − 8 arcs in A(S).
Without loss of general, we can suppose {(2i − 1, 2i), (2i, 2i − 1)|2  i  m} ⊆ A(S). So the
underlying digraph D of S is isomorphic to the digraph EDn,2.
(2) Sufficiency: If n is odd, andD is isomorphic to the digraphODn,2, we let S(D) be a signed digraph
with D as its underlying digraph, then we can indicate the signs of all the arcs of S(D) as follows:
for all 1  i  m, sgn(1, 2i) = −1, and for all 1  i  m + 1, sgn(2, 2i − 1) = −1, and the
signs of the other arcs of S(D) are 1. then S(D) is a primitive non-powerful symmetric loop-free signed
digraph on n vertices with |A(S)| = 5n − 7 and b(S) = 2 by Lemma 3.2. So D is the underlying
digraph of S.
Necessity: Let n = 2m + 1, V(S) = {1, 2, . . . , 2m, 2m + 1}, we can suppose d+(1) = d−(1) =
d+(2)=d−(2) = n − 1 by Lemma 3.4, so {(1, i), (i, 1)|2  i  2m} ∪ {(2, i), (i, 2)|3  i  2m} ⊆
A(S).
Since |A(S)| = 5n − 7 = 10m − 2, there are other 2m arcs in A(S). For any vertex x ∈ {3, 4, . . . ,
2m, 2m + 1}, since b(S) = 2, there are a pair of SSSD walks of length 2 from x to 1, so there exists
unique vertex y(= x) ∈ {3, 4, . . . , 2m, 2m + 1} such that (x, y) ∈ A(S) with one exception that
there are two vertices y1, y2 satisfy {(x, y1), (x, y2)} ∈ A(S), and then (y, x) ∈ A(S) by the fact
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that S is symmetric. Without loss of general, we can suppose {(2i + 1, 2i), (2i, 2i + 1)|2  i 
m} ∪ {(3, 4), (4, 3)} ⊆ A(S).
So the underlying digraph D of S is isomorphic to the digraph ODn,2. 
4. Minimum number of arcs with base 3
In [7], the following notations and graphs were defined. Let G = (V, E) be a simple graph, for
u, v,w ∈ V , let
L(u, v) = (VL, EL) where VL = {u, v}, EL = {{u, v}}
and
(u, v,w) = (V, E) where V = {u, v,w}, E = {{u, v}, {v,w}, {w, u}} .
We say that L(u, v) is a line segment joining u and v, and (u, v,w) is a triangle with vertices u, v
and w.
Let Γ1(k1, k2, k3), Γ2(k1, k2), Γ3(k1, k2), Γ4(k1, k2), Γ5(k), Γ6 be defined as follows:
Γ1(k1, k2, k3) = (u1, u2, u3) ∪ (⋃k1i=1 (u1, v2i−1, v2i)) ∪ (⋃k2i=1 (u2,w2i−1, w2i)) ∪ (⋃k3i=1
(u3, x2i−1, x2i)).
Γ2(k1, k2) = L(u1, u2) ∪ (⋃k1i=1 (u1, v2i−1, v2i)) ∪ (⋃k2i=1 (u2,w2i−1,w2i)).
Γ3(k1, k2) = Γ2(k1, k2) ∪ (u1, v2k1 , v2k1+1).
Γ4(k1, k2) = L(u1, u2) ∪ L(u1, u3) ∪ L(u2, u4) ∪ (u3, u4, u5) ∪ (⋃k1i=1 (u1, v2i−1, v2i)) ∪
(
⋃k2
i=1 (u2,w2i−1,w2i)).
Γ5(k) = (u1, u2, u3) ∪ (u4, u5, u6) ∪ L(u1, u7) ∪ L(u2, u4) ∪ L(u5, u7) ∪ (⋃ki=1
(u7, v2i−1, v2i)).
Γ6 = (u1, u2, u3) ∪ (u4, u5, u6) ∪ (u7, u8, u9) ∪ L(u1, u4) ∪ L(u5, u7) ∪ L(u8, u2).
Theorem 4.A ([7]). Let G = (V, E) be a primitive simple graph on n vertices. If |E|  3n−3
2
and exp(G)
= 3, then G is isomorphic to one of the following graphs:
(1) Γ1(k1, k2, k3),where k1 + k2 + k3 = n−32 , 0  k1  k2  k3, 1  k2.
(2) Γ2(k1, k2), where k1 + k2 = n−22 , 1  k1  k2.
(3) Γ3(k1, k2), where k1 + k2 = n−32 , 1  k1, k2.
(4) Γ4(k1, k2), where k1 + k2 = n−52 , 1  k1  k2.
(5) Γ5(k), where k = n−72 , 1  k.
(6) Γ6 where n = 9.
Since the number of edges of graphs which listed in Theorem 4.A is
⌊
3n−3
2
⌋
, we have
Corollary 4.1. Let G = (V, E) be a primitive simple graph on n vertices with exp(G) = 3 and minimum
number of edges, then |E| =
⌊
3n−3
2
⌋
and G is isomorphic to one of the graphs which listed in Theorem 4.A.
Lemma 4.1. Let S be a primitive non-powerful symmetric loop-free signed digraph with b(S) = k on n
vertices, then 2  exp(S)  k.
Proof. It is obvious that exp(S)  b(S) = k by the definitions of exponent and base, and exp(S)  2
since S is loop-free. 
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Corollary 4.2. Let k  2, we have
H(n, k)  min
2ik
2h(n, i). (4.1)
Lemma 4.2. Let S = (V, A) be a primitive non-powerful symmetric loop-free signed digraph with
exp(S) = k on n vertices. If there exist two vertices i and j such that there is only one walk of length
k from i to j in S, then b(S) > k.
Proof. It is obvious that there are no SSSDwalks of length k from i to j, so b(S) > k by Theorem 2.B. 
Corollary 4.3. Let S = (V, A) be a primitive non-powerful symmetric loop-free signed digraph on n
vertices and the underlying graph of S is isomorphic to one of the graphs which listed in Theorem 4.A, then
b(S) > 3.
Proof. It is obvious that there exist two vertices i and j such that there is only onewalk of length 3 from
i to j by the definition of Γ1(k1, k2, k3), Γ2(k1, k2), Γ3(k1, k2), Γ4(k1, k2), Γ5(k) and Γ6, so b(S) > 3
by Lemma 4.2. 
Theorem 4.1. Let n  4. Then
H(n, 3) = 2
⌊
3n − 2
2
⌋
=
⎧⎨
⎩
3n − 2, if n is even;
3n − 3, if n is odd.
Proof. By Theorem 1.B and (4.1), we have
H(n, 3)  2h(n, 3) = 2
⌊
3n − 3
2
⌋
=
⎧⎨
⎩
3n − 4, if n is even;
3n − 3, if n is odd.
If n is even, and H(n, 3) = 3n− 4, then there exists a primitive non-powerful symmetric loop-free
signed digraph on n vertices, say S = (V, A), such that b(S) = 3 and the number of arcs is 3n − 4,
then exp(S) = 3 by Lemma 4.1 and Theorem 1.B. So the underlying graph of S is isomorphic to one
of the graphs which listed in Theorem 4.A by Corollary 4.1, and thus b(S) > 3 by Corollary 4.3, it is a
contradiction. Thus we have H(n, 3)  2
⌊
3n−2
2
⌋
.
NowweproveH(n, 3) = 2
⌊
3n−2
2
⌋
,weonlyneed to showthat thereexists aprimitivenon-powerful
symmetric loop-free signed digraph on n vertices such that the base is 3 and the number of arcs is
2
⌊
3n−2
2
⌋
.
Case 1: n = 2m + 1  5 is odd.
Let S = (V, A) be a signed digraph, where V = {1, 2, . . . , 2m, 2m + 1}, A = {(1, i), (i, 1) | 2 
i  2m+ 1} ∪ {(2i, 2i+ 1), (2i+ 1, 2i) | 1  i  m}, for all 1  i  m, sgn(1, 2i) = −1 and all the
signs of the other arcs of S is 1.
Obviously, S is a primitive non-powerful symmetric loop-free signed digraph with |A| = 3n − 3
and b(S) = 3.
Case 2: n = 2m  4 is even.
Let S = (V, A) be a signed digraph, where V = {1, 2, . . . , 2m}, A = {(1, i), (i, 1) | 2  i 
2m}∪ {(2i, 2i+ 1), (2i+ 1, 2i) | 1  i  m− 1}∪ {(2m− 1, 2m), (2m, 2m− 1)}, for all 1  i  m,
sgn(1, 2i) = −1, and all the signs of the other arcs of S is 1.
Obviously, S is a primitive non-powerful symmetric loop-free signed digraph with |A| = 3n − 2
and b(S) = 3.
Combing the two cases, we have H(n, 3) = 2
⌊
3n−2
2
⌋
. 
L. You, Y. Wu / Linear Algebra and its Applications 434 (2011) 1215–1227 1223
In the following, wewill characterize the underlying digraphswhich haveH(n, 3) arcswhen n  6.
The following Theorems 4.B and 4.C in [6] will be useful.
Theorem 4.B ([6]). For n  3, if D = (V, A) is a primitive digraph with exp(D) = 2, then |A|  3n− 3.
Moreover if |A| = 3n − 3, then there is a v ∈ V such that d+(v) = d−(v) = n − 1.
Theorem 4.C ([6]). Suppose n is even and n  6, let G = (V, E) be a graph with no loop such that
|V | = n and exp(G) = 2, then |E|  3n
2
− 1. Moreover if |E| = 3n
2
− 1, then G is isomorphic to the
graph G′ = (V ′, E′) where V ′ = {v1, v2, . . . , vn}, E′ = {{v1, vi}|2  i  n} ∪ {{vi, vj}|2  i < j 
n − 1, i + j = n + 1} ∪ {{vn−1, vn}}.
Let n = 2m + 1 be odd, ODn,3 = (V, A) be a digraph, where V = {1, 2, . . . , 2m, 2m + 1},
A = {(1, i), (i, 1) | 2  i  2m + 1} ∪ {(2i, 2i + 1), (2i + 1, 2i) | 1  i  m}. Clearly, ODn,3 is a
primitive symmetric loop-free digraphs on n vertices with exp(ODn,3) = 2.
Let n = 2m be even, EDn,3 = (V, A) be a digraph, where V = {1, 2, . . . , 2m − 1, 2m},
A = {(1, i), (i, 1) | 2  i  2m} ∪ {(2i, 2i + 1), (2i + 1, 2i) | 1  i  m − 1} ∪ {(2m −
1, 2m), (2m, 2m − 1)}. Clearly, EDn,3 is a primitive symmetric loop-free digraphs on n vertices with
exp(EDn,3) = 2.
Let n = 2m be even, EDn,3,3 = (V, A) be a digraph, where V = {1, 2, . . . , 2m}, A = {(1, i), (i, 1) |
3  i  2m}∪{(2i−1, 2i), (2i, 2i−1) | 2  i  m}∪{(2, 3), (3, 2), (2, 4), (4, 2)}. Clearly, EDn,3,3
is a primitive symmetric loop-free digraphs on n vertices with exp(EDn,3,3) = 3.
Theorem 4.2. Let n  6, S = (V(S), A(S)) be a primitive non-powerful symmetric loop-free signed
digraph on n vertices with |A(S)| = H(n, 3) and b(S) = 3, then one of the following conditions holds:
(1) If n is odd, D is the underlying digraph of S if and only if D is isomorphic to the digraph ODn,3.
(2) If n is even, D is the underlying digraph of S with exp(D) = 2 if and only if D is isomorphic to the
digraph EDn,3.
(3) If n is even, there exists D which is isomorphic to EDn,3,3 such that D is the underlying digraph of S
with exp(D) = 3.
Proof. (1) Sufficiency: If n is odd, and D is isomorphic to the digraph ODn,3, we let S(D) be a signed
digraph with D as its underlying digraph, then we can indicate the signs of all the arcs of S(D) as
follows: for all 1  i  m, sgn(1, 2i) = −1, and the signs of the other arcs of S(D) are 1. Then S(D) is
a primitive non-powerful symmetric loop-free signed digraph on n vertices with |A(S)| = 3n− 3 and
b(S) = 3 by Theorem 4.1. So D is the underlying digraph of S.
Necessity: Let n = 2m + 1, V(S) = {1, 2, . . . , 2m, 2m + 1}, then exp(S) = 2 by Corollaries 4.1
and 4.3. So we can suppose d+(1) = d−(1) = n − 1 by Theorem 4.B, then {(1, i), (i, 1)|2  i 
2m + 1} ⊆ A(S).
Since |A(S)| = 3n − 3 = 6m, there are other 2m arcs in A(S). For any vertex x ∈ {3, 4, . . . ,
2m, 2m, 2m + 1}, there exists a vertex y(= x) ∈ {3, 4, . . . , 2m, 2m + 1} such that (x, y) ∈ A(S)
since d+(x)  2, then (y, x) ∈ A(S) by the fact that S is symmetric. Thus for any vertex x ∈
{3, 4, . . . , 2m, 2m, 2m + 1}, y is unique since there are already 3n − 3 arcs in A(S).
Without loss of general, we can suppose {(2i + 1, 2i), (2i, 2i + 1)|1  i  m} ⊆ A(S). So the
underlying digraph D of S is isomorphic to the digraph ODn,3.
(2) Sufficiency: If n is even, andD is isomorphic to the digraph EDn,3, we let S(D) be a signed digraph
with D as its underlying digraph, then we can indicate the signs of all the arcs of S(D) as follows: for
all 1  i  m, sgn(1, 2i) = −1, and the signs of the other arcs of S(D) are 1, then S(D) is a primitive
non-powerful symmetric loop-free signed digraph on n vertices with |A(S)| = 3n − 2 and b(S) = 3
by Theorem 4.1. So D is the underlying digraph of S.
Necessity: Letn = 2m,V(S) = {1, 2, . . . , 2m−1, 2m}, then exp(S) = 2or exp(S) = 3byCorollary
4.1. If exp(S) = 2, the result holds immediately by Theorem 4.C. So the underlying digraph D of S is
isomorphic to the digraph EDn,2.
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(3) Let S(D) be a signed digraph with EDn,3,3 as its underlying digraph, then we can indicate the
signs of all the arcs of S(D) as follows: for all 2  i  m, sgn(1, 2i) = −1, sgn(2, 3) = −1, and the
signs of the other arcs of S are 1. Then S(D) is a primitive non-powerful symmetric loop-free signed
digraph with |A| = 3n − 2, exp(S) = 3 and b(S) = 3. 
Conjecture 4.1. Let n = 2m  6 be even, S = (V(S), A(S)) be a primitive non-powerful symmetric
loop-free signed digraph on n vertices with |A(S)| = 3n − 2, exp(S) = 3, b(S) = 3, then D is the
underlying digraph of S if and only if D is isomorphic to the digraph EDn,3,3.
5. Minimum number of arcs with base at least 4
For an undirected walk W of graph G and two vertices x, y on W , let QW (x → y) be the shortest
path from x to y onW , and Q(x → y) be the shortest path from x to y on G. For a cycle C, if x and y are
two (not necessarily distinct) vertices on C and P is a path from x to y along C, then C\P denotes the
path or cycle from x to y along C obtained by deleting the edges of P.
For a cycle C in a (generalized) signed digraph S, if sgn C = 1 (or −1), then we call C a positive (or
negative) cycle.
Lemma 5.1. Let S = (V, A) be a primitive non-powerful symmetric loop-free signed digraph with n
vertices, then |A|  2n.
Proof. Let G = (V, E) be the underlying graph of S. Since S is connected, G is connected, thus |E| 
n− 1. If |E| = n− 1, then G is a tree. Therefore S is imprimitive because the greatest common divisor
of the lengths of all the cycles of S is 2. It is a contradiction. So |E|  n and thus |A|  2n. 
Let n  4 and 4  k  2n − 1, the following lemmas will show that there exists a primitive
non-powerful symmetric loop-free signed digraph S on n vertices and 2n arcs such that b(S) = k. It
implies H(n, k) = 2n for any 4  k  2n − 1.
Lemma 5.2. Let n  4, 2  k  n − 2, and S = (V, A) be a signed digraph, where V = {1, 2, . . . , n},
A = {(i, i+ 1), (i+ 1, i) | 1  i  k − 1} ∪ {(1, i), (i, 1) | k + 1  i  n} ∪ {(k + 1, k + 2), (k +
2, k + 1)}, sgn(1, k + 1) = −1, and the signs of the other arcs of S are 1. Then
(1) S is a primitive non-powerful symmetric loop-free signed digraph.
(2) b(S) = 2k.
Proof. (1) It is obvious by Theorem 2.A.
(2) Clearly, S contains no pair of SSSD walks of length 2k − 1 from k to k, so b(S)  2k. Then we
only need to prove b(S)  2k.
Suppose i and j are any two (not necessarily distinct) vertices in S. It is easy to check l(Q(i →
1)) + l(Q(1 → j))  2(k − 1), so S contains a pair of SSSDwalks of length 2(k − 1) + h  2k from i
to j because S contains a pair of SSSDwalks of length h from 1 to 1 for any integer h  2.
Thus b(S) = 2k by Theorem 2.B. 
Lemma 5.3. Let n  4, 2  k  n − 2, and S = (V, A) be a signed digraph, where V = {1, 2, . . . , n},
A = {(i, i+ 1), (i+ 1, i) | 1  i  k − 1} ∪ {(1, i), (i, 1) | k + 1  i  n} ∪ {(k + 1, k + 2), (k +
2, k + 1)}, sgn(k + 1, k + 2) = −1, and the signs of the other arcs of S are 1. Then
(1) S is a primitive non-powerful symmetric loop-free signed digraph.
(2) b(S) = 2k + 1.
Proof. (1) It is obvious by Theorem 2.A.
(2) Clearly, S contains no pair of SSSD walks of length 2k from k to k, so b(S)  2k + 1. Then we
only need to prove b(S)  2k + 1.
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Suppose i and j are any two (not necessarily distinct) vertices in S. It is easy to check
l(Q(i → 1)) + l(Q(1 → j))  2(k − 1), so S contains a pair of SSSDwalks of length 2(k − 1) + h 
2k + 1 from i to j because S contains a pair of SSSD walks of length h from 1 to 1 for any integer
h  3.
Thus b(S) = 2k + 1 by Theorem 2.B. 
Lemma 5.4. Let n  3, S = (V, A) be a signed digraph, where V = {1, 2, . . . , n}, A = {(i, i +
1), (i + 1, i) | 1  i  n − 3} ∪ {(1, n − 1), (n − 1, 1), (1, n), (n, 1), (n − 1, n), (n, n − 1)},
sgn(1, n − 1) = sgn(1, n) = −1, and the signs of the other arcs of S are 1. Then
(1) S is a primitive non-powerful symmetric loop-free signed digraph.
(2) b(S) = 2n − 2.
Proof. (1) It is obvious by Theorem 2.A.
(2) Clearly, S contains no pair of SSSDwalks of length 2n− 3 from n− 2 to n− 2, so b(S)  2n− 2.
Then we only need to prove b(S)  2n − 2.
Suppose i and j are any two (not necessarily distinct) vertices in S. It is easy to check l(Q(i →
1)) + l(Q(1 → j))  2(n − 3), so S contains a pair of SSSD walks of length 2(n − 3) + h  2n − 2
from i to j because S contains a pair of SSSDwalks of length h from 1 to 1 for any integer h  4.
Thus b(S) = 2k + 1 by Theorem 2.B. 
Lemma 5.5. Let n  3 be odd, S = (V, A) be a signed digraph, where V = {1, 2, . . . , n}, A =
{(i, i + 1), (i + 1, i) | 1  i  n − 1} ∪ {(n, 1), (1, n)}, and all the signs of 2-cycles are −1 in S. Then
(1) S is a primitive non-powerful symmetric loop-free signed digraph.
(2) b(S) = 2n − 1.
Proof. (1) It is obvious by Theorem 2.A.
(2) Clearly, S contains no pair of SSSDwalks of length 2n−2 from i to i(1  i  n), so b(S)  2n−1.
Then we only need to show b(S)  2n − 1.
Without loss of generality, suppose the directed cycles Cn = v1v2 · · · vnv1 and C′n = v1vn · · · v2v1
where vi ∈ V for any 1  i  n. Since all the signs of 2-cycles are −1 in S, arcs (u, v) and (v, u) have
different signs for any two vertices u, v ∈ S. Thus sgn Cn × sgn C′n = (−1)n = −1 because n is odd,
therefore Cn and C
′
n is a pair of SSSDwalks of length n.
Suppose i and j are any two (not necessarily distinct) vertices in S.
Case 1: i = j.
Set W1 = Cn + n−12 C2,W2 = C′n + n−12 C2, then W1,W2 is a pair of SSSD walks of length 2n − 1
from i to i.
Case 2: i = j. Set
W =
⎧⎨
⎩
Q(i → j), if l(Q(i → j)) is even;
Cn\Q(i → j), otherwise.
SetW1 = W + Cn,W2 = W + C′n, it is easy to see thatW1,W2 is a pair of SSSD walks from i to j,
and l(W1) = l(W2)( 2n − 1) is odd, so there exists a pair of SSSDwalks of length 2n − 1 from i to j
by continuing walk around 2-cycle finite times.
Thus b(S) = 2n − 1 by Theorem 2.B. 
Lemma 5.6. Let n  4 be even, S = (V, A) be a signed digraph where V = {1, 2, . . . , n}, A =
{(i, i + 1), (i + 1, i) | 1  i  n − 2} ∪ {(n − 1, 1), (1, n − 1), (1, n), (n, 1)}, and all the signs of
2-cycles are −1 in S. Then
(1) S is a primitive non-powerful symmetric loop-free signed digraph.
(2) b(S) = 2n − 1.
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Proof. (1) It is obvious by Theorem 2.A.
(2) Note that there contains no pair of SSSD walks of length 2n − 2 from n to n, so b(S)  2n − 1.
Then we only need to prove b(S)  2n − 1.
Without loss of generality, suppose the directed cycles Cn−1 = v1v2 · · · vn−1v1 and C′n−1 = v1vn−1· · · v2v1 where vi ∈ {1, 2, . . . , n − 1} for any 1  i  n − 1. Since all the signs of 2-cycles are −1 in
S, arcs (u, v) and (v, u) have different signs for any two vertices u, v ∈ S. Thus sgn Cn−1 × sgn C′n−1 =
(−1)n−1 = −1 because n is even, therefore Cn−1 and C′n−1 is a pair of SSSDwalks of length n − 1.
Suppose i and j are any two (not necessarily distinct) vertices in S.
Case 1: i = j.
SetW1 = Cn−1 + n2C2,W2 = C′n−1 + n2C2, soW1,W2 is a pair of SSSDwalks of length 2n− 1 from
i to i.
Case 2: i = n, j = 1 or i = 1, j = n.
Since S is non-powerful, C2 and Cn−1 must be a distinguished cycle pair by Theorem 2.A, (n− 1)C2
and 2Cn−1 have different signs by (2.1). Let W1 = (i, j) + (n − 1)C2, W2 = (i, j) + 2Cn−1, then W1
andW2 is a pair of SSSDwalks of length 2n − 1 from i to j.
Case 3: i = n, j = 1, n.
Set
W =
⎧⎨
⎩
(n, 1) + Q(1 → j), if l(Q(1 → j)) is odd;
(n, 1) + Cn−1\Q(1 → j), otherwise.
Then l(W)( n − 2) is even. SetW1 = W + Cn−1,W2 = W + C′n−1, it is easy to see thatW1,W2
is a pair of SSSD walks from i to j, and l(W1) = l(W2)( 2n − 3) is odd, so there exists a pair of SSSD
walks of length 2n − 1 from i to j by continuing walk around 2-cycle finite times.
Case 4: i = 1, n, j = n.
Set
W =
⎧⎨
⎩
Q(i → 1) + (1, n), if l(Q(i → 1)) is odd;
Cn−1\Q(i → 1) + (1, n), otherwise.
Then l(W)( n − 2) is even. SetW1 = W + Cn−1,W2 = W + C′n−1, it is easy to see thatW1,W2
is a pair of SSSD walks from i to j, and l(W1) = l(W2)( 2n − 3) is odd, so there exists a pair of SSSD
walks of length 2n − 1 from i to j by continuing walk around 2-cycle finite times.
Case 5: i = n, j = n.
Set
W =
⎧⎨
⎩
Q(i → j), if l(Q(i → j)) is even;
Cn−1\Q(i → j), otherwise.
Then l(W)( n − 2) is even. SetW1 = W + Cn−1,W2 = W + C′n−1, it is easy to see thatW1,W2
is a pair of SSSD walks from i to j, and l(W1) = l(W2)( 2n − 3) is odd, so there exists a pair of SSSD
walks of length 2n − 1 from i to j by continuing walk around 2-cycle finite times.
So b(S) = 2n − 1 by Theorem 2.B. 
We summarize our results in the following theorem.
Theorem5.1. LetH(n, k) be theminimumnumber of arcs of a primitive non-powerful symmetric loop-free
signed digraph S = (V, A) such that |V | = n and b(S) = k for 2  k  2n − 1. Then we have
(1) H(n, 2) = 2
⌊
5n−7
2
⌋
.
(2) H(n, 3) = 2
⌊
3n−2
2
⌋
.
(3) H(n, k) = 2n for 4  k  2n − 1.
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6. The base set of B.n
Let B.n be the base set of primitive non-powerful symmetric loop-free signed digraph on n vertices,
it is easy to see that 1 ∈ B.n .
The bases of primitive non-powerful symmetric signed digraphs and the primitive non-powerful
symmetric signed digraphs with the maximum base have been studied in [11,12] by Cheng and Liu.
The following results are useful.
Theorem 6.A ([11]). Let S be a primitive non-powerful symmetric signed digraph on n vertices, then
b(S)  2n.
Theorem6.B ([12]). Let S be a primitive non-powerful symmetric signed digraph on n vertices and b(S) =
2n, then there exists a loop in S.
Theorem 6.1. Let B.n be the base set of primitive non-powerful symmetric loop-free signed digraph on n
vertices, then B.n = {2, 3, . . . , 2n − 1}.
Proof. Obviously, {2, 3, . . . , 2n − 1} ⊆ B.n by the above arguments in Section 3, 4 and 5.
On the other hand, B.n ⊆ {2, 3, . . . , 2n} by Theorems 6.A and 6.B.
Combining the above arguments, we obtain B.n = {2, 3, . . . , 2n − 1}. 
From Theorem 5.1 and Theorem 6.1, H(n, k) is computed completely.
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